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Abstract. The main theorems of this paper give sharp upper bounds for the
minimum distances of one-sided ideals in structural matrix rings defined by
directed graphs.

It is very well known that additional algebraic structure can give advantages
for coding applications (see, for example, [8]). Serious attention in the literature
has been devoted to considering properties of ideals in various ring constructions
essential from the point of view of coding theory (see the survey [7] and books [4],
[9], [10]). The investigation of code properties of ideals in structural matrix rings
of directed graphs was begun in [6], where two-sided ideals are considered. The
aim of this paper is to strengthen the results of [6] and obtain sharp upper bounds
for the minimum distances of one–sided ideals in structural matrix rings defined by
directed graphs.
Let F be a finite field. Throughout, the word graph means a directed graph
without multiple edges but possibly with loops, and D = (V, E) stands for a graph
with the set V = {1, 2, . . . , n} of vertices and the set E of edges. Edges of D
correspond to the standard elementary matrices of the algebra Mn (F ) of all (n×n)–
matrices over F . Namely, for (i, j) ∈ E ⊆ V × V , let e(i,j) = ei,j = eij be the
standard elementary matrix. Note that
!
0
if j ̸= k,
ei,j ek,l =
ei,l if j = k.
Denote by
MD (F ) =

"

F ew

w∈E

the set of all matrices with arbitrary entries from F corresponding to the edges of
the graph D, and zeros in all entries for which there are no edges in D. It is known
and easy to verify that MD (F ) is a subalgebra of Mn (F ) if and only if D satisfies
the following property
(x, y), (y, z) ∈ E ⇒ (x, z) ∈ E,

(1)

for all x, y, z ∈ V . In this case MD (F ) is called a structural matrix ring. Many
interesting results on structural matrix rings have been obtained in the literature
(see, for example, [2], [3], [11], [12], [13]). Known facts and references concerning
structural matrix rings can be also found in the monograph [4].
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If x, y ∈ V , then a directed path from x to y is a sequence of vertices
x = x0 , x1 , . . . , xm = y such that m ≥ 1 and (xi , xi+1 ) ∈ E for i = 0, . . . , m − 1.
Property (1) is equivalent to the following:
if there is a directed path from x to z, then (x, z) ∈ E,

(2)

for all x, z ∈ V . Both (1) and (2) are equivalent to the relation E being transitive.
Recall that the in–degree and out–degree of a vertex v ∈ V are defined by
indeg(v) = indegD (v) = |{w ∈ V | (w, v) ∈ E}|,

outdeg(v) = outdegD (v) = |{w ∈ V | (v, w) ∈ E}|.
A vertex of D is called a source (sink ) if indeg(v) = 0 and outdeg(v) > 0 (respectively, indeg(v) > 0, outdeg(v) = 0). Denote by so(D) and si(D) the sets of all
sources and sinks of D, respectively. For each vertex v ∈ V , put
so(v) = soD (v) = {u ∈ so(D) | (u, v) ∈ E},

si(v) = siD (v) = {u ∈ si(D) | (v, u) ∈ E}.
Note that in a graph satisfying property (1) we have, using (2) that
so(v) = {u ∈ so(D) | there is a directed path from u to v},

si(v) = {u ∈ si(D) | there is a directed path from v to u}.
We use standard concepts of coding theory following [9] (see also [10] and [5],
Chapter 2). The minimum distance is worth considering from the point of view of
coding theory, because it gives the number of errors a code can detect or correct.
Denote by wt(x) the Hamming weight of an element x ∈ Mn (F ), i.e., the number of
nonzero entries of the matrix x. The Hamming distance between two elements and
the minimum distance of a code are then defined in the usual way. The distance
between two elements is the weight of their diﬀerence. The minimum distance
d(C) of a code C is the minimum distance between a pair of distinct elements in
the code. If a code is a linear space, then its minimum distance is equal to the
minimum weight of a nonzero element in the code.
We will be interested in codes that are one–sided ideals in MD (F ). The
# left
(right) ideal$generated by an element
x
∈
M
(F
)
will
be
denoted
by
id
(x)
idr (x)
D
ℓ
#
$
respectively . Denote by dℓ (D) and dr (D) the maximum among the distances of
all left (resp., right) ideals of the ring MD (F ), i.e.,
dℓ (D) = max {d(I) | I left ideal in MD (F )} .

Theorem 1. Let D = (V, E) be a graph defining a structural matrix ring MD (F ).
Then:
⎧
⎫
⎨
⎬
(
dℓ (D) = max max outdeg(v),
outdeg(v) .
(3)
⎩ v∈V
⎭
v∈so(D)

Proof. Denote by L(D) the quantity in the right hand side of (3), i.e.,
⎧
⎫
⎨
⎬
(
L(D) = max max outdeg(v),
outdeg(v) .
⎩ v∈V
⎭
v∈so(D)

We prove first that dℓ (D) ≥ L(D) by showing that MD (F ) always has a left ideal
with minimum distance L(D).
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,
Assume first that
v∈so(D) outdeg(v) ≥ maxv∈V outdeg(v). This obviously
implies that D# has sources.
$ Denote by
, S the set of edges originating at a source,
i.e., S = E ∩ so(D) × V . Let x = (u,v)∈S eu,v and let I = idℓ (x). Obviously,
,
wt(x) = |S| = v∈so(D) outdeg(v). For any (i, j) ∈ E we have ei,j x = 0, as j
,
cannot be a source . Hence I = F x and d(I) = wt(x) = v∈so(D) outdeg(v) =
L(D).
,
Now assume that v∈so(D) outdeg(v) < maxv∈V outdeg(v). This means that
the vertex (or vertices) with maximum out–degree in D ,
are not sources. Let
u ∈ V be such that outdeg(u) = maxv∈V outdegv. Put x = (u,v)∈E eu,v and and
I = idℓ (x). Obviously wt(x) = outdeg(u) = maxv∈V outdegv = L(D). Consider
an arbitrary nonzero element y ∈ I. We claim that wt(y) ≥ wt(x).
Since I = F x+M
,D (F )x, y is of the form y = f x+ax with f ∈ F and a ∈ MD (F ).
Writing a as a = (i,j)∈E ai,j ei,j , where ai,j ∈ F , we get
(
(
y = fx +
ai,u
ei,v .
(4)
(i,u)∈E

(u,v)∈E

We may assume that (4) has been simplified by combining similar terms, i.e., terms
with equal edges. If (u, u) ∈ E, then au,u eu,u x = au,u x and this product can
be combined with f x. Therefore we may assume that au,u = 0. The remaining
summands in ax do not result in edges beginning at u. It follows that if f ̸= 0,
then wt(y) ≥ wt(f x) = wt(x), as required. Assume now f = 0. Since y = ax ̸= 0,
clearly there exists j ∈ V such that (j, u) ∈ E and aj,u ̸= 0. Therefore
⎛
⎞
(
(
(
wt(y) = wt ⎝
ai,u
ei,v ⎠ ≥ wt(aj,u
ej,v ) = wt(aj,u ej,u x) = wt(x)
(i,u)∈E

(u,v)∈E

(u,v)∈E

and so d(I) = wt(x) = maxv∈V outdegv = L(D) as required. This concludes the
proof of the inequality dℓ (D) ≥ L(D).
Next we will show that any left ideal I of MD (F ) has minimum distance less
than or equal to the L(D), thus proving
that dℓ (D) ≤ L(D). Let x ∈ I be such
,
that d(I) = wt(x). Write x as x = (i,j)∈E xi,j ei,j .
We consider first the case when
, all vertices i with xi,j ̸= 0 are sources. Then
{(i, j) | xij ̸= 0} ⊆ S, so wt(x) ≤ v∈so(D) outdeg(v) ≤ L(D).
Next we consider the case when there is at least a xuw ̸= 0 with u not a source.
Since u is not a source, there is u1 ∈ V with (u1 , u) ∈ E. Let y = eu1 u x ∈ I. We
have:
(
y = eu1 u x =
xuj eu1 ,j .
(u,j)∈E

Then y ̸= 0, y ∈ I and wt(y) ≤ wt(x). By the minimality of wt(x) we infer
wt(x) = wt(y). On the other hand, wt(y) ≤ outdeg(u) ≤ maxv∈V outdegv. Hence
wt(x) ≤ maxv∈V outdegv ≤ L(D), which completes our proof.

Corollary 2. In the conditions of Theorem 1, we have
⎧
⎫
⎨
⎬
(
distl(D) = max
max outdeg(v),
outdeg(v) .
\so(D),
⎩ v∈V
⎭
so(v)=∅
v∈so(D)

(5)
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Proof. In view of the result given by (3), all we have to prove is that when the
inequality
(
max outdeg(v) >
outdeg(v)
(6)
v∈V

v∈so(D)

holds, then it follows that

max outdeg(v) =
v∈V

max

v∈V \so(D),
so(v)=∅

outdeg(v).

Assume therefore that (6) holds and let u ∈ V be such that outdeg(u) = maxv∈V
outdeg(v). It suﬃces to show that,
u ∈ V \ so(D) and so(u) = ∅.
If u ∈ so(D) then outdeg(u) ≤ v∈so(D) outdeg(v) contradicting (6). We show
now that so(u) = ∅. Assume that so(u) ̸= ∅. Then there is a vertex w ∈ so(D)
such that (w, u) ∈ E. For any (u, v) ∈ E we have that (w, v) ∈ E, by property
(1). Hence outdeg(w) ≥ outdeg(u). The maximality of outdeg(u) implies that
outdeg(w) = outdeg(u) = maxv∈V outdeg(v). But w is a source, so outdeg(w) ≤
,
v∈so(D) outdeg(v) contradicting (6). Hence we proved that u ∈ V \ so(D) and
so(u) = ∅, as required.
Remark 3. Every structural matrix ring can be thought of as a semigroup ring.
Let S be a finite
, semigroup. Recall that the semigroup ring F [S] consists of all sums
of the form s∈S rs s, where rs ∈ F for all s ∈ S, with addition and multiplication
defined by the rules
(
(
(
rs s +
rs′ s =
(rs + rs′ )s,
s∈S

1

s∈S

s∈S

21
2
(
(
(
rs s
rt′ t =
(rs rt′ )st.

s∈S

t∈S

s,t∈S

If S is a semigroup with zero θ, then the contracted semigroup ring F0 [S] is the
quotient
, ring of F [S] modulo the ideal F θ. Thus F0 [S] consists of all sums of the
form θ̸=s∈S rs s, and all elements of F θ are identified with zero.
A graph D = (V, E) defines a structural matrix ring if and only if the set
SD = {θ} ∪ {eij | (i, j) ∈ E}

forms a semigroup, and both of these properties are equivalent to condition (1).
Then it is easily seen that the structural matrix ring MD (F ) is isomorphic to the
contracted semigroup ring F0 [SD ]. Thus our note also continues the investigation
of coding properties of ideals in semigroup rings started in [1].
We now move to the case of right ideals. Analogues of Theorem 1 and Corollary
2, with outdeg replaced by indeg and sources replaces by sinks, can be proven
in a similar way. Alternatively, such results can be deduced from Theorem 1 and
Corollary 2 using the notion of a reversed graph. Namely, given a graph D = (V, E),
its reversed graph is D−1 = (V, E −1 ), where E −1 = {(u, v) | (v, u) ∈ E}.
Lemma 4. Let D = (V, E) be a graph defining a structural matrix ring MD (F ).
Then the reversed graph D−1 = (V, E −1 ) defines a structural matrix ring that is
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antiisomorphic to the structural matrix ring MD−1 (F ) with the antiisomorphism
given by
(
(
r(u,v) e(u,v) +→
r(u,v) e(v,u) .
(7)
(v,u)∈E −1

(u,v)∈E

Proof is straightforward and we omit it. Combining Lemma 4 with Theorem 1
and Corollary 2, we get the following formulas for the largest minimum distance of
right ideals in the ring MD (F ).

Theorem 5. Let D = (V, E) be a graph defining a structural matrix ring MD (F ).
Then:
⎧
⎫
⎨ (
⎬
dr (D) = max
indeg(v), max indeg(v) .
(8)
v∈V
⎩
⎭
v∈si(D)

Corollary 6. In the conditions of Theorem 1, we have
⎧
⎫
⎨
⎬
(
dr (D) = max
max indeg(v),
indeg(v) .
\si(D),
⎩ v∈V
⎭
si(v)=∅

(9)

v∈si(D)

Proof. Let D−1 = (V, E −1 ) be the reversed graph of D = (V, E). From the
definition of the reversed graph we obtain the following equalities:
si(D)

=

so(D−1 ),

indegD (v)

=

outdegD−1 (v).

Therefore it follows that
max indegD (v) = max outdegD−1 (v),

v∈W1

v∈W2

where
W1 = {v ∈ V | v ∈
/ si(D), si(v) = ∅}
and
Besides,

W2 = {v ∈ V | v ∈
/ so(D−1 ), so(v) = ∅}.
(

v∈si(D)

indegD (v) =

(

outdegD−1 (v).

v∈so(D −1 )

When we consider the minimum distance d(C) of a linear code C regarded as a
subspace of a linear space L, the distance is defined with respect to a certain fixed
basis B of the whole linear space L, and so we may use the notation dB (C) to
emphasize this. Note that if f : V1 → V2 is an isomorphism or an antiisomorphism
of two linear spaces V1 and V2 such that f maps the basis B1 of V1 to the basis B2
of V2 , then for every linear code C in V1 we have
#
$
dB1 (C) = dB2 f (C) .
(10)
Clearly, the antiisomorphism defined by (7) maps the basis
B1 = {ei,j | (i, j) ∈ E}
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of MD (F ), used in the definition of the minimum distance, onto the corresponding
basis
B2 = {ej,i | (j, i) ∈ E −1 }
of MD−1 (F ). Lemma 4 implies therefore
dr (D) = dℓ (D−1 )
Hence it follows that (3) and (5) yield (8) and (9), respectively.

The authors are grateful to the referee for corrections that have improved our
text.
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